Abstract. The main result is the classification of all gauge bundle functors H on the category PBm(G) which admit gauge natural operators transforming principal connections on P → M into general connections on HP → M . We also describe all gauge natural operators of this type. Similar problems are solved for the prolongation of principal connections to HP → P . A special attention is paid to linear connections.
Introduction. It is well known that various kinds of prolongations of smooth manifolds and geometric structures on them play an important role in many directions of differential geometry and its applications in mathematical physics. The aim of this paper is to study prolongation of principal connections, which has motivation in quantum mechanics, higher order dynamics, field theories and gauge theories of mathematical physics (see [3] , [6] , [13] , [19] ). Roughly speaking, by prolongation of connections we understand geometric constructions transforming a given connection on a manifold into a connection on some prolongation of this manifold. We point out that the theory of prolongation of geometric structures has its origins in the works of C. Ehresmann [4] , [5] . Significant progress in that research started after the clarification of the role of jet calculus and natural operations in differential geometry [12] . Since that time these problems have been intensively studied by many authors (see e.g. [1] , [7] [8] [9] [10] [11] [12] ).
Let G be a finite-dimensional Lie group and denote by PB m (G) the category of principal G-bundles with m-dimensional bases and their local principal G-bundle isomorphisms over the identity isomorphism of G. It has been pointed out recently that prolongation of principal connections can be expressed in terms of gauge natural operators (see Section 1 below). The present paper is mainly devoted to the following problems: Problem 1. Classify all gauge bundle functors H on PB m (G) which admit PB m (G)-gauge natural operators transforming principal connections on P → M into general connections on HP → M .
Problem 2. Classify all gauge bundle functors H on PB m (G) such that for every principal bundle P → M there is a natural projection HP → P which admits PB m (G)-gauge natural operators transforming principal connections on P → M into general connections on HP → P .
We remark that we have solved similar problems for general connections on an arbitrary fibered manifold Y → M (see [2] and Remark 2 below). Moreover, the second author [14] has studied existence of prolongation of connections from Y → M to HY → HM , where H is a vector bundle functor. One can also introduce prolongation of connections by means of some linear connection on the base manifold (see [9] , [12] , [16] and [20] ). On the other hand, gauge natural operators from Problems 1 and 2 do not need any auxiliary linear connection on M .
The structure of the paper is as follows. In Section 1 we recall some basic notions and results we need. In Section 2 we introduce a gauge bundle functor F which admits PB m (G)-gauge natural operators transforming principal connections on P → M into general connections on F P → M . Section 3 is devoted to the solution of Problem 1. In particular, we prove Theorem 1*. All gauge bundle functors H which admit gauge natural operators as in Problem 1 are of the form HP = P [N ] for some left Gspace N , where P [N ] is the fiber bundle associated to P with the fiber N .
Moreover, in Theorem 1 below we also describe all such gauge natural operators. In Section 4 we study prolongation of linear connections. Finally, in Section 5 we describe the solution of Problem 2. In what follows we use the terminology and notation from the book [12] . All manifolds and maps are assumed to be infinitely differentiable.
1. The foundations. It has been clarified recently that it is useful to formulate the theory of connections from the point of view of jets, natural bundles and natural operators [12] . This approach leads to the following definition, which generalizes the classical concept of connection. Such a Γ can be equivalently interpreted as the lifting map (denoted by the same symbol)
Clearly, if E → M is a vector bundle, then so also is J 1 E. A connection
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Γ : E → J 1 E is called linear if Γ is a linear morphism. In the case E = T M of the tangent bundle we obtain the concept of a classical linear connection on M . Finally, let P → M be a principal G-bundle, so that we have the canonical right action r :
In what follows we distinguish between general and principal connections. We denote by V the category of vector spaces and their linear maps, by V n the subcategory of n-dimensional vector spaces and their isomorphisms, by Mf the category of smooth manifolds and all smooth maps, by Mf m ⊂ Mf the subcategory of m-dimensional manifolds and their local diffeomorphisms, by FM the category of fibered manifolds and their fiber respecting mappings, by FM m,n the subcategory of fibered manifolds with m-dimensional bases and n-dimensional fibers and their local fibered diffeomorphisms, by VB the category of vector bundles, by VB m,n the subcategory of vector bundles with m-dimensional bases and n-dimensional fibers, and by G the category of principal G-spaces and their action respecting diffeomorphisms. We recall that a principal G-space is a manifold S with a right action of G which is free and transitive. Thus any object S of G is isomorphic to G with the usual right action of G.
Denote by B : FM → Mf the base functor. We recall that a gauge bundle functor on PB m (G) is a covariant functor H : PB m (G) → FM such that (a) every PB m (G)-object π : P → BP is transformed into a fibered manifold q P : HP → BP over BP , (b) every PB m (G)-morphism f : P → P is transformed into a fibered morphism Hf : HP → HP over Bf , (c) for every open subset U ⊂ BP the inclusion i : π −1 (U ) → P is transformed into the inclusion Hi : q −1 P (U ) → HP . An example of gauge bundle functor is a Con G : PB m (G) → FM, which associates to any principal bundle P → M the fiber bundle Con G (P ) → M of principal connections on P → M . The general concept of gauge natural operators can be found in [3] or [12] . In particular, a PB m (G)-gauge natural operator D transforming principal connections
for any PB m (G)-object P → M , where Con G (P ) is the set of all principal connections on P → M (i.e. sections of Con G (P ) → M ) and Con(HP ) is the set of all general connections on HP → M . The invariance means that if Γ ∈ Con G (P ) and
The regularity means that D P transforms smoothly parametrized families of connections into smoothly parametrized families of connections. Quite similarly one can define
One of the most important gauge bundle functors on PB m (G) is the rth principal prolongation W r P of a principal bundle P → M , which is defined as the space of all r-jets j r (0,e) ϕ of local trivializations ϕ : R m × G → P , where e ∈ G is the unit. By [12] , W r P → M is a principal bundle with the structure group W r m G := J r (0,e) (R m ×G, R m ×G) (0,−) , which can be expressed as the semidirect product
with respect to the canonical action of G r m on T r m G given by the composition of jets. Moreover, we have
where P r M is the rth order frame bundle. We also remark that W r P plays a fundamental role in the theory of gauge bundle functors. Indeed, let H be any gauge bundle functor on PB m (G) and denote by S := H 0 (R m × G) the fiber over 0. Then H is of the form
which is the fiber bundle associated to W r P with the fiber S (see e.g. [12] ). In this case r is called the order of H. If we replace holonomic jets by nonholonomic or semiholonomic ones, we can define the nonholonomic or semiholonomic principal prolongation W r P or W r P , respectively, and the corresponding structure groups W r m G and W r m G. Clearly, W r P can also be defined by iteration, W r P = W 1 ( W r−1 P ). Taking into account Problem 1 above, there is a question whether one can construct a connection on W r P → M from a principal connection on P → M . Up till now, the only known result of this type is
2. F -extension of principal connections. Let F : G → Mf be a regular functor. The regularity means that F transforms smoothly parametrized families of G-maps into smoothly parametrized families of maps. Such a functor can be extended to a gauge bundle functor F : PB m (G) → F M in the following way:
Consider a principal connection Γ on P → M . Given a vector field X on M , its Γ -lift is a G-invariant vector field Γ X : P → T P on P . The flow of Γ X is formed by PB m (G)-maps. Since F is of order zero, the flow prolongation
can be interpreted as a map
By linearity, FΓ is the lifting map of a general connection (denoted by the same symbol) on F P → M .
Definition 2. The connection FΓ is called the F -extension of Γ . Let F 1 , F 2 : G → Mf be regular functors and K : F 1 → F 2 be a natural transformation. This means that for any S ∈ G we have a map K S :
This natural transformation can be fiberwise extended to a natural transformation
From the canonical character (with respect to F ) of the construction of FΓ we have Proposition 2. Let K : F 1 → F 2 be as above. Given a principal connection Γ on P → M , the general connections F 1 Γ and F 2 Γ are K-related.
The main result of this section is
To prove Proposition 3 we need some preparations. Let D be the operator in question and Γ be a principal connection on P → M . Define a map
It remains to show that ∆(Γ ) = 0. Let R m × G be the trivial principal G-bundle over R m . Let x 1 , . . . , x m be the usual coordinates on R m and Y 1 , . . . , Y n a basis of right G-invariant vector fields on G. Let y ∈ ( F (R m × G)) 0 = F G and v ∈ T 0 R m . By the invariance of ∆ with respect to principal bundle trivialization, it suffices to prove
for any principal connection Γ on R m × G. We first prove two lemmas.
for any K ∈ N and any Γ j iα ∈ R for any m-tuple α with |α| ≤ K and i = 1, . . . , m and j = 1, . . . , n. Then we have (3).
Proof. This follows from the nonlinear Peetre theorem (see Corollary 19.8 in [12] ).
for any i o = 1, . . . , m and j o = 1, . . . , n. Then we have (3).
Proof. Using the invariance of ∆ with respect to the PB m (G)-maps t id R m × id G for t > 0 we get the homogeneity condition
By the homogeneous function theorem (Theorem 24.1 from [12] ), this type of homogeneity implies that
and is independent of Γ j iα for |α| > 0. So the assumption of the lemma implies the assumption of Lemma 1, which completes the proof.
Proof of Proposition 3. Clearly, from the proof of Lemma 2 it follows that
Let ψ t be the flow of the G-invariant vector field Y jo . Define a map K :
It is locally a PB m (G)-map sending ∂/∂x io into ∂/∂x io + Y jo and preserving ∂/∂x i for i = 1, . . . , m with i = i o and dx i for i = 1, . . . , m. As K(0, ξ) = (0, ξ), we have F K = id over zero. So K preserves also (y, v). Using invariance of ∆ with respect to K we see that (4) implies the assumption of Lemma 2, which completes the proof of (3).
3. Solution of Problem 1. Consider a left G-space N and denote by F [N ] : PB m (G) → FM the gauge bundle functor defined by
where P [N ] is the fiber bundle associated to P with the fiber N . The rest of this section will be devoted to the proof of Theorem 1. Clearly, a right G-space S ∈ G can be considered as a trivial principal bundle S → pt, where pt is a one-element manifold. Given an arbitrary left G-space N , we have a regular functor F N : G → Mf defined by
where S × G N is the trivial fiber bundle associated to S.
Lemma 3. Every regular functor F : G → Mf is isomorphic to F N for some left G-space N .
Proof. Write N := F (G) with the induced left action of G given by g · n = F (L g )(n). Then the isomorphism Φ S : F N S → F S is defined by Φ S ({s, n}) = F ( s)(n), where s : G → S is the unique G-map such that s(e G ) = s. 
Lemma 4. H 1 is of order zero.
Proof. Define an Mf m -natural operator A : T T H 1 transforming vector fields X on m-manifolds M into vector fields A(X) on H 1 M by
the horizontal lifting of X with respect to D(Γ M ), where Γ M is the trivial principal connection on the trivial G-bundle M × G → M . Clearly, A is of order zero. On the other hand, A(X) is projectable over X. Then we have
for some vertical type natural operator V : T T H 1 , where H 1 is the flow operator. Suppose that H 1 has (minimal) order r ≥ 1. Then H 1 is of minimal order r. By Lemma 1 in [15] , V is of order r − 1. Then A is not of order zero, which is a contradiction.
Proof. We may assume
Further, as H 1 is of order zero, we have
where p : R m × G → R m is the projection. Using regularity of H and letting t → 0 we get
which ends the proof.
Proof of Proposition 4. Define a functor F : G → Mf by
Further, define a fibered map I P : HP → F P covering id M by
where v ∈ (HP ) xo , x o ∈ M and f : P → R m × P xo is a (local) PB m (G)-map such that f (x o ) = 0 and f xo = id. By Lemma 5, the definition of I P (v) is independent of the choice of f . The inverse map is J P : F P → HP defined by
where f is as above. Regularity of H implies the smoothness of I P and J P , so that I P is a diffeomorphism. From the functoriality of H it follows directly that I : H → F is a PB m (G)-gauge natural transformation. Finally, the second part of Proposition 4 is exactly Proposition 3. 
Prolongation of linear connections.
One verifies directly that for G = GL(n) the categories V n and G are equivalent. Clearly, this equivalence is given by V → L(V ), where L(V ) is the principal GL(n)-space of all bases of a vector space V . Quite analogously we find that the categories VB m,n and PB m (GL(n)) are equivalent (see also Chapter 54.1 in [12] ). So linear connections on a vector bundle E → M correspond bijectively to princi-
Clearly, the conclusion of Proposition 2 is also true for the natural transformation K : F 1 → F 2 of arbitrary regular functors F 1 , F 2 : V n → V. In particular, Proposition 2 yields
Roughly speaking, this means that gauge natural operators Γ → k Γ ⊗ l Γ * commute with contractions. We point out that this is well-known in the case of classical linear connections Γ = ∇.
Corollary 6. There is no VB m,n -gauge natural operator transforming linear connections on a vector bundle E → M into linear connections on the r-jet prolongation J r E → M . Remark 1. The second author has recently solved some existence problems on prolongation of classical linear connections. In particular, he characterized all natural bundles F which admit natural operators transforming classical linear connections on M into classical linear connections on F M (see [17] ).
Solution of Problem 2.
Given a manifold Q we have the trivial gauge bundle functor E Q on PB m (G) defined by
From now on E Q P → P means the usual projection onto the first factor.
Example 1. Let A : Q×L(G) → T Q be a vector bundle homomorphism covering id Q , where L(G) = T e G is the Lie algebra of G. Let Γ be a principal connection on P → M and let ω Γ : T P → L(G) be its classical connection form. We can define a general connection
where (p, q) ∈ E Q P and v ∈ T p P .
Proposition 7. All PB m (G)-gauge natural operators transforming principal connections Γ on P → M into general connections on E Q P → P are the operators V Q A from Example 1. Proof. Let D be an operator as in the statement. Define a vector bundle map A :
where q ∈ Q, ξ ∈ L(G) = T e G = V (0,e) (R m × G) and Γ R m is the trivial principal connection on the trivial principal G-bundle R m × G and where we use the identification
It remains to show that ∆(Γ ) = 0. Let q ∈ Q and v ∈ T (0,e) (R m × G). Using the invariance of ∆ with respect to G-bundle trivialization we see that it suffices to prove
By the invariance of ∆ with respect to PB m (G)-maps t id R m × id G , t = 0, and letting t → 0, because of the definitions of A and ∆ we get
where (p, q) ∈ (E Q P ) x , w ∈ T x M , x ∈ M . By Proposition 4 we have
Then we have (7) and the proof is complete.
Theorem 2. Let H : PB m (G) → F M be a gauge bundle functor such that there is a natural projection π : HP → P for any PB m (G)-object P → M .
There exists a PB m (G)-gauge natural operator D transforming principal connections Γ on P → M into general connections D(Γ ) on π : HP → P if and only if H ∼ = E Q for some Q via a PB m (G)-gauge natural isomorphism of bundles π : HP → P and E Q P → P over id P . If H = E Q with the projection E Q P → P , then all such operators are D = V Q A from Example 1. Proof. Suppose that there is an operator D as above. Given a principal connection Γ on P → M , we can define a general connection
where y ∈ (HP ) p , p ∈ P x , w ∈ T x M , x ∈ M . So we have a PB m (G)-gauge natural operator D transforming principal connections Γ on P → M into general connections on HP → M . This means that the assertion of Lemma 5 is also true for the gauge bundle functor H from Theorem 2. Define a manifold Q by
We prove that π : HP → P is isomorphic to E Q P → P . Define a fibered map I P : HP → E Q P covering the identity of P by
where v ∈ (HP ) po , p o ∈ P and f : P → R m × G is a (local) PB m (G)-map such that f (p o ) = (0, e). By Lemma 5, the definition of I P (v) is independent of the choice of f (for, if f : R m × G → R m × G is a PB m (G)-map such that f (0, e) = (0, e), then f 0 = id). The inverse map is J P : E Q P → HP defined by J P (w) = Hf −1 (w), w ∈ (E Q P ) po , p o ∈ P, where f is as above. Regularity of H implies the smoothness of I P and J P , so that I P is a diffeomorphism. Finally, from the functoriality of H it follows directly that I : H → E Q is a PB m (G)-gauge natural transformation.
Corollary 7. Let H be any of the functors J r , W r , W r and W r . There is no PB m (G)-gauge natural operator transforming principal connections on P → M into general connections on HP → P .
Clearly, the classical linear connection on P is the linear connection on T P → P . Theorem 2 implies (see also [18] ) Corollary 8. There is no PB m (G)-gauge natural operator transforming principal connections on P → M into classical linear connections on P .
On the other hand, I. Kolář [11] has determined all PB m (G)-gauge natural operators transforming a principal connection on P → M and a symmetric linear connection on the base manifold M into a classical linear connection on P . Moreover, J. Gancarzewicz and I. Kolář [7] have solved a similar problem in the case of a vector bundle P → M . By Corollary 8, the use of an auxiliary linear connection on the base manifold in such geometric constructions is unavoidable.
Remark 2. Let Q be a manifold and Y → M a fibered manifold. In [2] we have proved that for a bundle functor H on FM m,n there is a construction of the general connection D(Γ ) on HY → Y from a general connection Γ on Y → M if and only if HY = Y × Q for some manifold Q. Moreover, if HY = Y × Q, then such an operator D(Γ ) is unique and is equal to the trivial connection on Y × Q → Y . We can see that the existence part of Theorem 2 is similar to the above mentioned result from [2] . On the other hand, the additional part of Theorem 2 is diametrically different. Indeed, in the case of general connections on fibered manifolds we have only one natural operator D, while the gauge natural operators V Q A from Theorem 2 are parametrized by vector bundle homomorphisms A.
